Emergence of superconductivity in a two-band system coupled with breathing and Jahn-Teller phonons is discussed in a weak-coupling limit. With the use of a standard quantum mechanical procedure, the phonon-mediated attraction is derived. From the analysis of the model including such attraction, a BCSlike formula for a superconducting transition temperature Tc is obtained. When only the breathing phonon is considered, Tc is the same as that of the one-band model. On the other hand, when Jahn-Teller phonons are active, Tc is significantly enhanced by the interband attraction even within the weak-coupling limit. Relevance of the present result to actual materials such as iron pnictides is briefly commented.
After the Bardeen-Cooper-Schrieffer (BCS) theory for superconductivity, 1) it has been pointed out that anisotropic Cooper pairs can be formed by the Friedel oscillation in electron systems, mainly from an academic viewpoint.
2) Nowadays it is widely recognized that anisotropic superconductivity originating from strong electron correlation confirms an important route to achieve high superconducting transition temperature T c . In fact, due to successive discoveries of superconductivity in strongly correlated electron systems such as molecular conductors, transition metal oxides, and heavyfermion compounds, it has been one of central issues in the research field of condensed matter physics to elucidate the mechanism of anisotropic superconductivity with relatively high T c . Among them, concerning a superconducting material group characterized by singlet Cooper pair, a key concept of d-wave superconductivity mediated by antiferromagnetic spin fluctuations has been believed to be established. [3] [4] [5] [6] [7] [8] In addition to the concept of anisotropic superconductivity mediated by magnetic fluctuations, another important ingredient is multiband effect, since superconductivity has been found in electron systems with multiband such as Sr 2 RuO 4 , 9) MgB 2 , 10) and iron pnictides. 11, 12) Since multi-sheets of Fermi surfaces have been usually observed in heavy fermion compounds, the occurrence of superconductivity in such materials should be also related to multiband nature. Just after the BCS theory, multiband effect on T c has been discussed in a simple two-band electron model. 13) In fact, in recent years, multiband superconductivity bas been actively investigated from various viewpoints. [14] [15] [16] [17] [18] [19] [20] [21] [22] In particular, here we mention s ± -wave superconductivity proposed for iron pnictides. [23] [24] [25] [26] In general, in electron systems with degenerate orbitals, Jahn-Teller phonons should play an important role, since Jahn-Teller distortions are known to lift the degeneracy in electron orbitals. In fullerene superconductors, [27] [28] [29] [30] s-wave pair formation due to Jahn-Teller phonons has been discussed. A possibility of superconductivity due to geometric phase in Jahn-Teller crystals has been proposed. 31, 32) However, the attractive interaction mediated by Jahn-Teller phonons has not been analyzed satisfactorily even in a weak-coupling limit, probably because of tedious calculations to derive such effective attractions in multiband systems.
In this paper, the effective interaction is derived in the twoorbital electron system which is coupled with breathing and Jahn-Teller phonons with the use of a standard quantum mechanical techniques. By applying a weak-coupling approximation to the effective model, we discuss the enhancement of T c due to Jahn-Teller phonons in the two-band electron system. When we include only the breathing phonon, T c is just the same as that of the famous BCS formula for the one-band model. On the other hand, when we consider JahnTeller phonons, we find the significant enhancement of T c by the interband attraction. These weak-coupling solutions are checked from the numerical estimation of pair susceptibility in the effective 4-site model. It is concluded that T c of the multiband systems coupled with phonons is enhanced by the number of relevant phonon modes. Now we consider a two-orbital electron system coupled with breathing and Jahn-Teller phonons, given by
where d iγσ is an annihilation operator for an electron with spin σ in the orbital γ (=a and b) at site i, t a γγ ′ denotes the electron hopping between adjacent γ-and γ ′ -orbitals in nearest neighbor sites connected by a vector a, g ℓ indicates the coupling constant between electrons and local distortion specified by ℓ, Q 1i indicates breathing distortion, Q 2i and Q 3i denote Jahn-Teller distortions,
is corresponding reduced mass, and k ℓ denotes the spring constant.
By following the standard procedure of quantization of phonons, we introduce the phonon operator a ℓi , defined through
where ω ℓ is the phonon energy given by ω ℓ = k ℓ /M ℓ . After performing the Fourier transform, we obtain H in the form of H=H 0 +H 1 , where H 0 denotes the sum of electron and phonon energy, given by
Here the electron energy is given by
where τ =1 and 2 correspond to + and − signs, respectively, and ε kγγ ′ = a e ik·a t a γγ ′ . The electron-phonon coupling term H 1 is given by
where
, and the coefficient matricesΓ's are given bŷ
Here
. (6) Since we assume degenerate the Jahn-Teller modes here, we set ω 1 =ω br and ω 2 =ω 3 =ω JT . Concerning coupling constants, we introduce α 1 =α br and α 2 =α 3 =α JT . Now we derive the effective Hamiltonian H eff from H due to the elimination of phonon degrees of freedom by using a canonical transformation. Let us here consider a transformation H eff =e S He −S , where the operator S is defined so as to satisfy the relation H 1 =−[H 0 , S]. Then, after some calculations of operators, we obtain the effective Hamiltonian as H eff =H 0 + H int . The effective interaction between electrons mediated by phonons is given by
Here we obtain the effective model within the second order of electron-phonon coupling constant. In the present case, first we assume S in the form of
τ τ ′ is determined so as to satisfy
After lengthy calculations, we obtain
The effective interaction H int is evaluated by [H 1 , S]/2 from eq. (7). Then, we obtain
where U ℓ =α ℓ ω ℓ and U ℓ denotes the attractive interaction due to ℓ-mode phonons. Note here that U 1 =U br =α br ω br and
Here we provide a comment on the Cooper pair in the sys- tem with multi-Fermi surfaces. In the weak-coupling limit, we usually consider the pairing of electrons only in the vicinity of the Fermi energy E F . Thus, we set
As shown in Fig. 1 , in the weak-coupling limit, the Cooper pair is formed only by the electrons on the same Fermi surface, except for an unrealistic case in which a couple of Fermi-surface sheets are perfectly degenerate. Then, we consider the interaction for Cooper pair with zero total momentum. Note that in the strong-coupling region, it is possible to consider the pairs of electrons far from the Fermi surface, leading to a chance of pair formation between different Fermi surfaces.
After some algebraic calculations, we obtain the effective interaction in the form of
The pair potential V µν is given by
Here we note the relation of A 
where · · · denotes the average by using H in the mean-field approximation. Note again that it is enough to consider the pairs on the same Fermi surfaces in the weak-coupling limit. By assuming the Cooper pair with s-wave symmetry, we obtain the gap equation at T =T c as
where ω c is an appropriate cut-off frequency and λ µν is the non-dimensional coupling constant, given by
Here Note that another solution provides smaller T c even if it exists. Equation (16) tells us several interesting stories. First we consider a situation in which only the breathing mode is active. In this case, we immediately obtain the same formula of T c , T c =1.13ω c e −1/λ br , as that of the BCS theory for a one-band system. Namely, even if the number of the band is increased, the magnitude of T c is not changed as long as the total electron density is coupled with the breathing phonons. In this situation, there is no advantageous points of multi-band nature for the elevation of T c .
On the other hand, in the multi-orbital system, there occurs a coupling with Jahn-Teller phonons so as to lift the degeneracy in electron systems. In such a case, the factor 2 appears in front of the coupling constant in the T c formula. In other words, this factor 2 indicates the number of Jahn-Teller modes, not the number of electron bands. When we consider the coupling of degenerate electrons with both breathing and Jahn-Teller phonons, the factor 3 becomes effective if we simply consider λ br =λ JT . In Fig. 2 , we show the curves of T c for the three cases of (1) breathing phonon, (2) Jahn-Teller phonons, and (3) both breathing and Jahn-Teller phonons.
Here for simplicity, we set λ br =λ JT =λ. As easily understood, the change of the factor in the power is remarkable, even in the weak-coupling approximation. Note that the factor 2 or 3 indicates the total number of phonon modes which are coupled with electron systems.
In order to confirm the present result of eq. (16) obtained in the weak-coupling BCS approximation, we evaluate the pair susceptibility of the effective two-band model with the attractive interaction induced by phonons. For the purpose, we resort to an unbiased technique such as exact diagonalization.
The singlet pair correlation function is evaluated in a smallsized cluster and the effective coupling constant λ eff is deduced from the singlet pair correlation.
The effective model is given by
where I and J denote on-site and pair-hopping attractive interactions corresponding to V 11 and V 12 , respectively. In order to reproduce the situation in eq. (15), we set I and J as I = U JT + U br β and J = U JT + U br (1 − β), respectively, by taking β as a parameter. The pair susceptibility matrix χ µν (m, n) is defined by
where T is a temperature,φ m,µ (τ )= e
Hτφ m,µ e −Hτ , m indicates the vector connecting possible two sites in the cluster, andφ m,µ is a singlet pair operator of the band µ, given bŷ
The coefficient φ m,µ is determined by the diagonalization of the susceptibility matrix and the pair susceptibility χ µν is defined by its maximum eigenvalue. In order to extract information on the pairing interaction, we consider the pair susceptibility in a diagrammatic manner. When we define the non-interacting pair susceptibility aŝ χ (0) ,χ satisfies the relation ofχ=χ (0) +χ (0)Kχ in the ladder approximation, whereK denotes the effective pairing interaction in the matrix form. Usually we obtainχ fromK and χ (0) , but here we evaluateK asK=χ (0)−1 −χ −1 , whereχ is numerically evaluated. Then, we can evaluate the effective non-dimensional coupling constant λ eff as
where W is the bandwidth. In this paper, for the evaluation ofχ, we exploit an exact diagonalization technique for the model in a 4-site cluster. We set E k1 = −t(cos k x +cos k y ) and E k2 = t(cos k x +cos k y ), leading to a couple of Fermi surfaces around Γ and M points in the thermodynamic limit. Here we consider the case of n=0.5, where n is the electron number per site and per orbital. In this case, χ 22 =4/t and W =4t in the 4-site cluster. In Fig. 3(a) , we show λ eff vs. β by solid symbols for U br =0.05t, 0.1t, 0.2t, and 0.3t with n=0.5, U JT =0, and T =0. Note that each horizontal line denotes the pair susceptibility of a one-band model with nearest neighbor hopping t and on-site attraction U br for the same value of n in the 4-site cluster. For small values of U br /t, we find that λ eff weakly depends on β and it agrees well with the result of the oneband model, suggesting that T c in the two-band system coupled with breathing phonons is just the same as that of the one-band model. Namely, in such a case, T c is not expected to increase even if we increase the number of electron bands.
In Fig. 3(b) , we show λ eff vs. U/t with a fixed value of β=0.5 for three cases as (1) U br =U and U JT =0, (2) U br =0 and U JT =U , and ( is found to be in proportion to U/t. Among the proportional coefficients, we confirm the relation of λ
eff /2= λ
eff /3, which is consistent with the weak-coupling result of eq. (16) .
Thus far we have analyzed the models in the weak-coupling region, but we are also interested in the strong-coupling behavior. For instance, when we increase U br in Fig. 3(a) , β-dependence of λ eff becomes more significant and the deviation from the one-band result is large. When we increase the value of attractive interaction in Fig. 3(b) , λ eff is no longer in proportion to U/t and the relation of λ Here we provide a brief comment on the polaron mass enhancement, which is one of strong coupling effects. For Holstein phonons, it has been well known that the polaron mass m * is increased as m * /m=e α br , where m is the bare electron mass, while for Jahn-Teller phonons, the mass enhancement has been found to be expressed by m * /m≈e αJT/2 / √ α JT for large α JT . Namely, for the same value of the coupling constant, the mass of the Jahn-Teller polaron is smaller than that of the Holstein polaron. This behavior seems to be related to the fact that the vertex corrections in an electron system coupled with Jahn-Teller phonons should be less effective in comparison with the case of Holstein phonons. 33, 34) The fact may be also relevant to the increase of superconducting T c in electron systems coupled with Jahn-Teller phonons.
Note also that in the Migdal-Eliashberg theory, the effect of Coulomb interaction is included in the parameter µ * as the reduced repulsion. The same story is expected to be applied to the present case, as long as we consider adiabatic phonons. However, the degree of the reduction of Coulomb repulsion may be different between intra-and inter-orbital interactions. If the on-site interaction is still negative while the pair hopping interaction becomes positive, we obtain the so-called s ± -wave pairing, proposed for iron pnictides. [23] [24] [25] [26] Thus, it may be possible to construct an alternative Jahn-Teller phononic scenario for superconductivity in iron pnictides. In particular, competition between Coulomb repulsion and phonon-induced attraction may be a key issue to understand the appearance of both nodal d-wave and nodeless s ± -wave gaps in iron pnictides. This is an interesting problem in future.
In summary, we have discussed the appearance of superconductivity in the two-band electron system coupled with breathing and Jahn-Teller phonons in the weak-coupling limit. It has been found that T c is increased with the increase of the number of relevant phonon modes. Namely, T c of the two-band system coupled with Jahn-Teller phonons becomes high in comparison with that of the one-band case, leading to a possibility of phonon-induced high-T c superconductivity.
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